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Abstract
A quantum scalar field in anti de Sitter space is considered in two coordinate systems: static and
FRW-like ones. It is shown that quantum vacua corresponding to each of these coordinatizations
are not unitary equivalent. A choice of a physical ground state between these vacua is discussed
under different setups.
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I. INTRODUCTION
Historically, Minkowski spacetime is a manifold wherein a quantization of a field was
first performed. The Poincare´-invariant no-particle state is known as Minkowski vacuum
that is associated with inertial observers. 40 years ago it was discovered that a quantum
vacuum defined by a uniformly accelerated observer is not unitary equivalent to Minkowski
one [1]. Moreover, Minkowski vacuum for such an observer is seen as a thermal bath of
particles defined with respect to the observer’s reference frame. This phenomenon is known
as Davies-Unruh effect [2–6]. Later it was also shown that the notion of a particle of a
massive field in Milne spacetime is inequivalent to the Minkowski particle, where Milne
vacuum has been defined as a no-particle state that becomes the conformal vacuum in the
massless limit [7]. If the conformal quantum field occupies Milne vacuum, then a radiation
with a Planck spectrum and negative energy density is present in it [4].
Another example of a manifold where similar situation takes place is de Sitter space. De
Sitter hyperboloid is a curved maximally symmetric spacetime with a negative, constant
curvature R = −12H2dS. It can be covered entirely or partially by various coordinate sys-
tems [8, 9]. Quantization of a field performed in different coordinatizations generally leads
to a definition of different quantum vacua. In particular, a comoving observer in dS defines
its own no-particle state |0S〉 that is associated with the static coordinate frame, where the
observer is at its origin. The Unruh-DeWitt detector moving along a time-like geodesic in
the de Sitter hyperboloid will be excited like it is in the thermal bath with the Hawking-
Gibbons temperature THG = HdS/2pi [10]. Thus, the vacuum state associated with the field
quantized in static dS is not unitary equivalent to the closed one, i.e. |0S〉 ≁ |0CT〉, where
|0CT〉 is the Chernikov-Tagirov ground state, as well as to the flat vacuum [4].
In the present paper we shall consider anti de Sitter hyperboloid that is also a curved
maximally symmetric manifold, but with a positive, constant curvature. There are known
variety of coordinate patches which parameterize the whole or some set of the AdS hyper-
boloid points [9]. We shall take into our consideration two of them, namely static (or global)
and open (or FRW-like with the negative spatial curvature, see [9]) coordinates. Static coor-
dinates cover the entire AdS, whereas open coordinates embrace merely half of it. Therefore
one may a priori await that quantization performed in each coordinate systems leads to
inequivalent quantum vacua. Thus, the aim of our research is to uncover how open vacuum
|0O〉 is related with static one |0S〉 (both defined below) as well as to figure out whether a
freely-moving detector in AdS will be somehow excited.
In Section II, a real scalar field model is considered in four-dimensional AdS. For the sake
of avoiding unnecessary complications, we assume that it is invariant under the conformal
symmetry. The question of a physical vacuum state is examined by analysing cosmological
consequences resulting from taking into account quantum corrections at one-loop approxi-
mation in semiclassical Einstein equation for each of them.
In Section III, a two-dimensional massive scalar field is studied. In this case, we shall fur-
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ther investigate the vacua under different setups as well as compare them with the Minkowski
state.
We work throughout in units implying ~ = c = kB = G = 1. The signature of the metric
tensor is (+,−,−,−) and Rµν = ∂λΓλµν − ∂νΓλµλ + ΓλρλΓρµν − ΓλρµΓρλν .
II. CONFORMAL SCALAR FIELD IN ADS4
Anti de Sitter spacetime can be represented as a four dimensional hyperboloid
x20 − x21 − x22 − x23 + x24 = H−2 (1)
embedded in R5 with the line element ds2 = dx20 − dx21 − dx22 − dx33 + dx24 [11].
Anti de Sitter space is not globally hyperbolic. Its topology is given by S ×R3, where
the circle S corresponds to time coordinate. This means it contains closed time-like curves.
A standard approach for avoiding casual paradoxes in AdS is to unwrap S and to consider
its universal covering R [11]. In the following, we deal with universal covering space only.
Besides, Cauchy surface is absent in it. The quantization procedure is performed by imposing
certain boundary conditions at spatial time-like infinity which ensure, in particular, the
energy conservation [12, 13].
As has been above mentioned, we shall deal with static and open coordinates (see App. A).
Static coordinates cover the entire hyperboloid and, as a consequence, one needs to impose
the boundary conditions on the field to have a well-defined quantum theory [12, 13]. Open
coordinates cover merely a part of the hyperboloid that is globally hyperbolic.
Static AdS4 The mode expansions of the quantum scalar field conformally coupled with
gravity in static coordinates read
φˆ(x) =
∑
nlm
 aˆnlmunlm(x) + aˆ
†
nlmu
∗
nlm(x) ,
bˆnlmvnlm(x) + bˆ
†
nlmv
∗
nlm(x) ,
(2)
where star denotes the complex conjugation. The positive-frequency modes unlm(x) and
vnlm(x) with respect to the time translation operator are
unlm(x) = Anl e
−i(2n+2+l)η Ylm(θ, ϕ)(sinχ)
l cosχC l+12n+1(cosχ) , (3a)
vnlm(x) = Bnl e
−i(2n+1+l)η Ylm(θ, ϕ)(sinχ)
l cosχC l+12n (cosχ) , (3b)
where n, l ∈ N0 and m ∈ {−l, ...,+l}, Anl and Bnl are normalization coefficients [12, 13].
The static vacuum |0S〉 = |0S1〉 ⊗ |0S2〉 is annihilated by both aˆnlm and bˆnlm: aˆnlm|0S1〉 =
bˆnlm|0S2〉 = 0. The Fock space of particle states is built by cyclic operations of the creation
operators aˆ†nlm and bˆ
†
nlm on |0S〉.
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Open AdS4 The mode expansion of the field in open coordinates is given by
φˆ(x¯) =
∑
lm
+∞∫
0
dω
(
cˆωlmwωlm(x¯) + cˆ
†
ωlmw
∗
ωlm(x¯)
)
, (4)
where the mode functions wωlm(x¯) regular at χ¯ = 0 are
wωlm(x¯) =
Cωl
a(η¯)
e−iωη¯ Ylm(θ¯, φ¯) (sinh χ¯)
− 1
2 P
−l−1/2
iω−1/2 (cosh χ¯) , (5)
where Cωl is a real normalization coefficient [14]. Open vacuum |0O〉 is defined as being
annihilated by cˆωlm. The Fock space is generated by acting by the creation operator cˆ
†
ωlm
on this vacuum.
In contrast to the static case, there is no time-like Killing vector in open AdS that can
be used to define the Hamiltonian operator being the representation of the time translation
on space of quantum states. However, the conformal time-like Killing vector K = ∂η¯ allows
us to introduce
Hˆ =
∫
dΣµTˆ
µ
ν K
ν =
1
2
∑∫
dωω
(
cˆ†ωlmcˆωlm + cˆωlmcˆ
†
ωlm
)
, (6)
where Tµν is the energy-momentum tensor of the field. The operator Hˆ is conserved due to
the conformal symmetry. It can be interpreted as a generator of the time translation acting
on the rescaled field φˆr(x¯) ≡ a(η¯)φˆ(x¯), i.e. LKφˆr = i
[
Hˆ, φˆr
]
, where LK is the Lie derivative
along K. Thus, the rescaled modes (5) are positive frequency modes with respect to ∂η¯ and
|0O〉 is called the conformal vacuum [4].
Although the conformal time η¯ lies on the whole real line R, the expansion (4) of the
quantum field is performed in terms of the physical time t¯ only for (0, pi/H) that corresponds
to the upper wedge depicted in Fig. 1. However, the same expansion can be used for the
lower wedge, wherein t¯ ∈ (−pi/H, 0). Shortly, a difference between these wedges will be
discussed. The modes in the rest of the wedges can be straightforwardly obtained from the
upper and lower ones.
A. Bogolyubov transformation
A curve χ = 0 and ∆θ = ∆φ = 0 is a geodesic in static AdS. An observer that moves
along it will detect nothing, provided the quantum field is in |0Sa〉, where a ∈ {1, 2}. Indeed,
the response function F(E) of the Unruh-DeWitt detector with respect to |0Sa〉 is
F(E) ∝
+∞∫
−∞
d∆τ e−iE∆τ
(
1
sin2
(
1
2
H∆τ − iε) − (−1)acos2 (1
2
H∆τ − iε)
)
, ε→ +0 , (7)
where E is an eigenstate of detector’s Hamiltonian, τ the proper time along observer’s
geodesic [4]. Representing the integrand as a series (1.422.2 and 1.422.4 in [15]) and regarding
4
it as a contour one over a closed contour in an infinite semicircle in a lower-half ∆τ plane,
one obtains F(E) = 0 that proves the statement.
A curve ∆χ¯ = 0 and ∆θ = ∆φ = 0 represents a comoving geodesic in open AdS.
These geodesics belong to a time-like set of integral curves of the vector ξ = sin η cosχ ∂η +
cos η sinχ ∂χ. This vector field is time-like in open AdS, but is future-directed for η ∈
(2pik, pi + 2pik) and past-directed for η ∈ (−pi + 2pik, 2pik), where k ∈ N. Outside of open
AdS the vector field ξ is space-like and null on the horizons η = ±χ + pik. The vacuum
state invariant under exp(−iHˆη¯) is the conformal one, i.e. |0O〉. Since for any comoving
observer a relation between the conformal time η¯ and the proper one τ does not depend on
spatial coordinates, the Unruh-DeWitt detector will be similarly exited or unexcited for any
of them.
At the points χ = χ¯ = 0 and θ, φ = const, two vacua are defined. As has been shown
above, the detector moving along this geodesic will remain unexcited if the field in |0Sa〉.
However, this detector may response if the field is in |0O〉. In order to find how these
vacua are related to each other, we perform the Bogolyubov transformation that represents
the annihilation cˆωlm and creation cˆ
†
ωlm operators defining conformal vacuum |0O〉 as a lin-
ear combinations of analogous operators associated with |0Sa〉. Note, there is no inverse
Bogolyubov transformation, because open coordinates do not cover the entire hyperboloid.
This canonical, unitary map is completely determined by the Bogolyubov coefficients
αωlm,nl′m′ =
(
unl′m′(x), wωlm(x¯)
)
,
βωlm,nl′m′ =
(
u∗nl′m′(x), wωlm(x¯)
)
,
(8)
where the round brackets denote the Klein-Gordon scalar product [4]. We have used in (8)
an expansion of the quantum field expressed through u-modes for the sake of concreteness.
The same result can be shown is valid for the expansion through v-modes. Below we discuss
the upper wedge. At the end of this subsection we shall point out which changes must be
made to accommodate (8) with the lower wedge.
Calculation of the coefficients is considerably simplified if one takes a hypersurface of
equal-time events Σ specified by η¯ = 0. Having chosen it, one obtains
αωlm,nl′m′ = Nln(ω) δll′ δmm′ M
+
n,l(ω) ,
βωlm,nl′m′ = Nln(ω) δll′ δmm′ M
−
n,l(ω) ,
(9)
where Nnl(ω) is written down in App. D and
M±n,l(ω) ≡
+∞∫
0
dχ¯
(
ω ± 2 + l + 2n
cosh χ¯
)
(sinh χ¯)l+
3
2
(cosh χ¯)l+2
(
tanh (χ¯/2)
)l+ 1
2 (10)
× 2F1
(
−n, n + l + 2; 3
2
;
1
cosh2(χ¯)
)
2F1
(
1
2
− iω, 1
2
+ iω; l +
3
2
;− sinh2 (χ¯/2)
)
,
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where the Gegenbauer Cµν (z) and the associated Legendre P
µ
ν (z) functions have been rewrit-
ten via the hypergeometric one 2F1(α, β; γ; z) [15].
The integrals (10) for l = 0 can be exactly evaluated and are
M±n,0 = ∓
pi2 exp
(±piω
2
)
√
2 sinh2(piω)
2F1 (−2− 2n, iω; iω − 1− 2n;−1)
Γ (2n+ 3) Γ (1− iω) Γ (iω − 1− 2n) , (11)
where J±n (ω) and I
±
n (ω) given in App. B have been used. Thus, we obtain
αω00,n00 = −epiωβω00,n00 . (12)
For arbitrary l ≥ 0, one can express M±n,l+1 through M±n,l and M±n+1,l as follows
M±n,l+1 =
2l + 3
4
(
ω2 + (l + 1)2
)((3 + 2l + 2n)M±n,l − (2n+ 3)M±n+1,l) (13)
(see App. C for details). Consequently, one has
αωlm,n′l′m′ = −epiωβωlm,n′l′m′ . (14)
Repeating the same kind of calculations for the Bogolyubov coefficients in the lower
wedge, one finds that they are equal to (9) multiplied by (−1)n+1, where n is odd for u-
modes, and even for v-modes.
B. Relation between static |0S〉 and open |0O〉 vacua
Vacua |0Sa〉 and |0O〉 are not unitary equivalent. Despite of their orthogonality, no-particle
state |0O〉 can formally be represented as a state realized by infinite number of particles
defined with respect to |0Sa〉. In order to see this, one has to represent the annihilation
operator cˆωlm as follows
1
cˆωlm = cosh θω dˆωlm − sinh θω fˆ †ωlm , (15)
where by definition
dˆωlm ≡
1
cosh θω
∑
n′l′m′
αωlm,nl′m′ aˆn′l′m′ , fˆωlm ≡
−1
sinh θ∗ω
∑
n′l′m′
β∗ωlm,nl′m′ aˆn′l′m′ . (16)
It is shown in App. D that if one takes tanh θω = e
−piω, then[
dˆωlm, dˆ
†
ω′l′m′
]
=
[
fˆωlm, fˆ
†
ω′l′m′
]
= δ(ω − ω′) δll′ δmm′ , (17a)[
dˆωlm, fˆω′l′m′
]
=
[
dˆωlm, fˆ
†
ω′l′m′
]
= 0 (17b)
1 In the following we shall discuss only the case a = 1. The same result can be obtained for a = 2 in the
analogous manner.
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hold. Such a pair of operators can be used to obtain
|0O〉 = Z−1 exp
(∑∫
dωe−piωdˆ†ωlmfˆ
†
ωlm
)
|0S1〉 , ln(Z) =
pi
24
δ(0)
∑
(2l + 1) , (18)
where summations are implied over the discrete indices [16]. Both operators dˆωlm and fˆωlm
annihilate static vacuum |0S1〉. Since dˆωlm|0O〉 = e−piωfˆ †ωlm|0O〉 and fˆωlm|0O〉 = e−piωdˆ†ωlm|0O〉,
one has
〈0O|dˆ†ωlmdˆω′l′m′ |0O〉 =
1
e2piω − 1 δ(ω − ω
′)δll′δmm′ (19)
and the same for the f -operators. The equation (19) implies that the conformal vacuum
|0O〉 can be regarded as a thermal bath of particles created by applying dˆ†ωlm on |0S1〉.
The operators (16) are not independent: fˆωlm = i(−1)l dˆ−ωlm. There must be a unitary
equivalent quantization of the field in static AdS, such that the rescaled field is expanded
through modes which are eigenfunctions of the vector field ξ. The creation operator must
be given then by dˆ†plm, whereas p ∈ R and ω = |p|. Except for the fact that vector ξ is
not one of the generators of the anti de Sitter group SO(3, 2), this resembles an equivalent
quantization in Minkowski space, wherein the field can also be expanded through modes
being eigenfunctions of the Lorentz operator [6].
Thus, a freely-moving detector will be thermally excited, provided the quantum field
is in the conformal vacuum. Expressing ω via the physical frequency, i.e. ωph = ω/a(t¯),
one obtains that the temperature ascribed to the thermal condensate is equal to TAdS =
(2pia(t¯))−1, where a(t¯) = H−1 cos(Ht¯). At this point, we merely note that TAdS diverges
when cos(Ht¯) = 0. Below we shall discuss a physical consequence of this result.
C. Choice of physical vacuum
In order to address a question of physicality of the vacua, we shall compute the renor-
malized energy-momentum tensor of the field in each of them, because the quantum field
under consideration reveals itself physically through gravity. For instance, the renormalized
stress tensor for the conformal scalar field in static vacuum in dS diverges at the event
horizon, while it is finite and proportional to the metric for closed as well as flat vacua [17].
Thus, the physical vacuum occupied by the quantum field in de Sitter space corresponds to
Chernikov-Tagirov state [18].
The Euclidean section of entire AdS4 is the hyperbolic space H
4. The ζ-function regu-
larization method has been applied in H4 to derive the exact form of the one-loop effective
action [19]. In this approach, the renormalized stress tensor corresponds to |0S1〉, as it follows
from the comparison of two-point correlation functions calculated by ζ-function method and
directly summing the modes [20]. Thus, one has
〈Tˆ µν 〉S1 =
H4
960pi2
δµν , (20)
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FIG. 1: Left: conformal diagram of Anti de Sitter space. Right: conformal diagram of Einstein
static universe (ESU) with embedded open AdS (O wedges filled by vertical lines) and Rindler (R
wedge filled by horizontal lines) spaces in it.
where 〈...〉S1 denotes the vacuum expectation value with respect to |0S1〉, i.e. 〈0S1|...|0S1〉.
This result can be obtained in a different way. The Feynman two-point function G1F(x, y)
corresponding to |0S1〉 satisfies the scalar field equation with two δ-sources which are located
at y and its antipodal point yA = −y [12]. The effective action is
W [ gµν ] = − i
2
ln det
(− GˆF(1 + pˆi)) , (21)
where 〈x|GˆF|y〉 = GF(x, y) satisfies the field equation with the standard δ-source and pˆi is
the inversion operator: pˆi|x〉 = | − x〉 [4, 21]. Since the determinant of a matrix product
equals the product of their determinants, one can get rid of ln det(1 + pˆi) by an infinite
shift of the effective action W [ gµν] that does not depend on the metric and, hence, has no
physical consequences. Then, following the ordinary procedure, the trace anomaly can be
derived that gives (20). Hence, one obtains
〈Tˆ µν 〉S2 =
H4
960pi2
δµν . (22)
This derivation may be supported by the following independent result derived by the
point-splitting method: the renormalized stress tensor of a conformal scalar field that inhab-
its in half Einstein static universe (topologically R×S3) and satisfies Dirichlet or Neumann
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boundary conditions at the equator of the sphere S3 is exactly equal to the stress tensor of
the field if it would be defined on entire S3 [22].
To compute 〈Tˆ µν 〉O, one needs to take into account that wedges of open AdS can be
conformally mapped into Rindler spacetime (see Fig. 1). Thus, one has
〈Tˆ µν 〉O =
H4
960pi2
δµν −
1
480pi2a4(η¯)
(
δµν −
4
3
δµi δiν
)
, (23)
where summation with respect to i running from 1 to 3 is implied [17].
The result (23) can be also derived by the point-splitting method supplemented by the
symmetry properties of the problem. The anomalous trace specifies the renormalized stress
tensor of a conformal scalar field in conformally flat space up to the local, conserved, traceless
tensor (denoted as (4)Hµν in [4]). This non-geometric part of 〈Tˆ µν 〉O is unambiguously fixed,
if the renormalized stress tensor of the field in open static universe 〈Tˆ µν 〉OSU is known. The
point-splitting approach gives 〈Tˆ µν 〉OSU = 0 [23].2 Taking then into account the isometries
of the metric and the continuity equation, i.e. ∇µ〈Tˆ µν 〉O = 0, one deduces (23).
The second term on the right-hand side of (23) represents a radiation with a negative
energy density that vanishes in the classical limit: ~ → 0. It is worth noticing that the
same situation occurs in Milne universe, wherein a comoving observer registers a thermal
radiation with the negative energy density, provided the quantum field is in the conformal
Milne vacuum [4].
The renormalized stress tensor with respect to static vacuum 〈Tˆ µν 〉Sa behaves itself equally
well throughout the space, while 〈Tˆ µν 〉O diverges at the horizons, where a(η¯) vanishes. It
will be shown in the next subsection that AdS in open coordinates is unstable if the field
occupies |0O〉.
D. Backreaction
The Einstein equation with the quantum correction reads
Rµν − 1
2
gµνR = Λgµν − γ2~
(
RRµν + gµνR− R;µν − 1
4
gµνR
2
)
− γ3~
a4(η¯)
(
gµν − 4
3
giµ δiν
)
−γ1~
(
2
3
RRµν −RµλRλν −
1
4
gµνR
2 +
1
2
gµνRλρR
λρ
)
+O(~2) , (24)
where 〈Tˆµν〉O has been already substituted, γ1 ≡ 1/360pi, γ2 is a finite coefficient depending
on the mass scale µ, and γ3 ≡ 1/60pi.
2 Actually, it is sufficient to compute 〈Hˆ〉O (see [23]). If one takes the vacuum expectation value of Hˆ given
in (6) and renormalizes it by subtracting zero-point energy of the field quantized in Minkowski space in
spherical coordinates, one then gets 〈Hˆ〉O = 0.
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Using the order reduction method for throwing away spurious solutions [24], one obtains
the following first order nonlinear equation
3(a′)2 − 3a2 = Λa4
(
1 +
Λ
3
γ1~
)
− γ3~+O(~2) . (25)
where prime stands for the differentiation over the conformal time η¯. It is solved up to the
second order of ~ by
a(η¯) =
1
H˜ cosh(η¯)
+
γ3~
12
√
−Λ
3
(
cosh(η¯) + 3
η¯ sinh(η¯)− cosh(η¯)
cosh2(η¯)
)
+O(~2) , (26)
where 3H˜2 = −Λ(1 + γ1~Λ/3), an integration constant has been fixed by the condition:
a(0) = 1/H˜ +O(~), and a solution corresponding to the shift in time has been omitted.
From the equation (26) one immediately sees that there exists η¯0 > 0, such that for
|η¯| > η¯0 the correction of order ~ in a(η¯) starts to dominate. It means that anti de Sitter
space with the quantum field being in |0O〉 is unstable, provided it has been somehow
realized.
If the field is in |0S〉, then the quantum corrections merely lead to a tiny decrease of the
curvature.
III. MASSIVE SCALAR FIELD IN ADS2
Two-dimensional anti de Sitter space can be obtained from (1) by setting x2 = x3 = 0.
The metric tensor in static or open coordinates are obtained by taking θ = 0 and φ = const
in (A3) or (A6), where χ ∈ (−pi
2
,+pi
2
) and χ¯ ∈ R, respectively.
Static AdS2 The massive quantum scalar field can be expanded as
φˆ(x) =
+∞∑
n=0
 un(x)aˆn + u
∗
n(x)aˆ
†
n ,
vn(x)bˆn + v
∗
n(x)bˆ
†
n .
(27)
where the positive-frequency modes with respect to the translation operator along time
coordinate are given by
un(x) = An e
−i(2n+1+λ)η (cosχ)λCλ2n+1(sinχ) , (28a)
vn(x) = Bn e
−i(2n+λ)η (cosχ)λCλ2n(sinχ) , (28b)
λ2− λ = 2ξR+ (m/H)2 and λ > 1/2, where ξR is the coupling constant of the field with the
scalar curvature, An and Bn are real normalization coefficients. The energy flux through the
spatial boundary of anti de Sitter space vanishes for both sets of modes, thus the energy of
the field is conserved. In addition, the scalar product is preserved as well [25]. The static
vacuum is defined as a state being annihilated by both aˆn and bˆn for any n ∈ N0.
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Open AdS2 The metric tensor in open coordinates is homogeneous, therefore the field
can be expanded through the eigenfunctions of the translation operator along the spatial
coordinate
φˆ(x¯) =
+∞∫
−∞
dp
(
wp(x¯) cˆp + w
∗
p(x¯) cˆ
†
p
)
, (29)
where wp(x¯) = ϕp(η¯) e
ipχ¯. The function ϕk(η¯) satisfies(
∂2η¯ + p
2 + a2(η¯)
[
m2 + ξRR(η¯)
])
ϕp(η¯) = 0 , (30)
where R(η¯) is the Ricci scalar.
The general solution of (30) with a(η¯) = (H cosh η¯)−1 can be written in terms of Legendre
Q-functions [15] in the following form
ϕp(η¯) = Cp(cosh η¯)
1
2
(
Qµν (i sinh η¯) + γpQ
µ
−ν−1(i sinh η¯)
)
, (31)
where ν = iω − 1
2
, ω = |p|, µ = λ − 1
2
, Cp and γp are integration constants. The asso-
ciated Legendre functions are defined in the complex plane except on (−∞, 1). In partic-
ular, it implies the discontinuity [15]: Qµν (+i0) 6= Qµν (−i0). Therefore, we take the solu-
tion (31) for η¯ > 0 and perform analytical continuation on negative time: Qµν(i sinh η¯) →
eipiµ(Qµν (i sinh η¯)− ipiP µν (i sinh η¯)), where η¯ < 0 on the right-hand side.
A. Bogolyubov transformation
The choice of γp determines no-particle state in open coordinates. To compare them
with static vacuum, one needs to compute the Bogolyubov coefficients. In order to simplify
calculations, one may choose a surface η¯ = +0. The same result must be obtained in the
case η¯ = −0 after performing the analytic continuation. In both cases we do get the same
result
βpn
αpn
= ∓(1 + γp)e
−2piiλ
γpe−piω + epiω
, (32)
where the minus sign is taken for u-modes and the plus sign is for v-modes.
According to (32), the modes (31) with γp = −1 corresponds to static vacuum. Thus, a
comoving observer in open AdS will see no particles along his movement in this case.
In the limits η¯ → ±∞, the scale factor vanishes and a′/a → ∓1. The zeroth-order
approximation of the WKB-type solution [4] gives
ϕp(η¯) ∼ e−iωη¯ , η¯ → ±∞ . (33)
The next order gives a vanishing contribution at past and future time infinities. The exact
solution will coincide with the approximate WKB solution in remote past if one chooses
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γp = −epiω sin(piλ) csc(pi(λ + iω)). Unless λ is a positive integer, out-vacuum is filled by
particles defined with respect to in-vacuum. However, such vacuum would be unphysical,
because it implies a discontinuity in a density number of particles in the points between the
wedges. For λ ∈ N3, in-vacuum and out-vacuum coincide and equal to the conformal one at
the conformal time infinities. Plugging γp = 0 into (32), one finds |βpn/αpn| = e−piω. Thus,
if the field occupies this vacuum, then a freely-moving observer will register a thermal bath.
B. Relation between |0S〉 and Minkowski vacuum |0M〉
One can show that for open vacuum just defined the renormalized stress tensor 〈T µν 〉O
diverges at the horizons as it does in the four-dimensional case.
Assume λ = 1, i.e. the conformal invariant case, and the scale factor behaves itself with
the conformal time according to
a(η¯) = a0 +
1
H cosh η¯
, a0 = const > 0 . (34)
The universe becomes Minkowski spacetime at past and future time infinities and anti de
Sitter spacetime for a0H cosh η¯ ≪ 1. At remote past it is natural to define Minkowski
vacuum, such that φp(η¯) ∼ e−iωη¯, where ω = |p| as before. The AdS modes which correspond
to the positive-frequency modes in Minkowski space at η¯ → ±∞ are specified by setting
γp = 0 in (31). Thus, a geodesic observer that starts his journey from Minkowski spacetime
will detect a thermal bath of particles at the AdS stage of the universe evolution. Note that
the renormalized stress tensor vanishes at past and future infinities.
IV. CONCLUDING REMARKS
A quantization of the conformal scalar field in four-dimensional AdS in static and open
coordinates leads to a definition of inequivalent quantum vacua. The former is associated
with a freely-moving observer being located at the origin. The latter is a conformal vacuum
associated with open coordinate system that resembles FRW-like universe with the negative
spatial curvature and the scale factor periodically expanding from and contracting to the
zero value: a(t¯) = H−1 cos(Ht¯). Under the assumption that the quantum field occupies the
conformal vacuum, |0O〉, it has been shown that a geodesically moving observer will register
a thermal bath of particles. The temperature of this thermal condensate redshifts as it does
for the ordinary thermal radiation: TAdS = (2pia(t¯))
−1. This implies that at the moments of
time Ht¯ = pi
2
+ pik, where k ∈ N , the anti de Sitter temperature diverges. Physically, this
means that the conformal vacuum is cosmologically unstable at the quantum level, provided
3 In the conformal case, the zero-mode solution has to be taken into account in static AdS. However, one
can directly show that this does not change our conclusions.
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it has be somehow prepared. Thus, static vacuum |0S〉 is a better candidate for the true
vacuum in AdS and, as a result, a geodesic observer will not register particles during his
movement.
However, one may imagine a universe that looks like open static universe (OSU) in remote
past and future. In this case, the scale factor approaches a nonzero constant a0 in the limits
η¯ → ±∞. Since OSU is static, it admits a global time-like Killing vector, such that a
definition of a particle in OSU is as natural as in Minkowski spacetime [4]. Thus, a geodesic
observer will register a thermal radiation at the AdS stage of the universe evolution when
a0H cosh η¯ ≪ 1.
The non-conformal scalar field has been examined in two-dimensional AdS as well. We
have found similar results, provided the field is in open vacuum that has been defined as
being equal to the conformal one at remote past and future for λ ∈ N. In the conformal
case, we have considered a universe that is Minkowski space at the time infinities and has
the AdS stage in between. A geodesic observer in such a universe will register a thermal
radiation when the universe becomes quasi anti de Sitter spacetime.
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Appendix A: Coordinate parameterizations of AdS
Static or global coordinates
x0 = (H
−2 + r2)
1
2 cos(Ht) ,
x1 = r cos θ ,
x2 = r sin θ cosϕ , (A1)
x3 = r sin θ sinϕ ,
x4 = (H
−2 + r2)
1
2 sin(Ht) ,
where t ∈ (−∞,+∞), r ∈ [0,+∞), θ ∈ [0, pi] and ϕ ∈ [0, 2pi). The line element in these
coordinates is given by
ds2 =
(
1 +H2r2
)
dt2 − dr
2
1 +H2r2
− r2dΩ2 . (A2)
Introducing new variables Ht = η and Hr = tanχ, (A2) becomes
ds2 =
1
H2 cos2 χ
(
dη2 − dχ2 − sin2 χ dΩ2
)
. (A3)
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FRW-like or open coordinates
x0 = −H−1 sin(Ht¯) ,
x1 = H
−1 cos(Ht¯) sinh r¯ cos θ¯ ,
x2 = H
−1 cos(Ht¯) sinh r¯ sin θ¯ cos ϕ¯ , (A4)
x3 = H
−1 cos(Ht¯) sinh r¯ sin θ¯ sin ϕ¯ ,
x4 = H
−1 cos(Ht¯) cosh r¯ ,
where t¯ ∈ (−∞,+∞), r¯ ∈ [0,+∞), θ¯ ∈ [0, pi] and ϕ¯ ∈ [0, 2pi), such those
ds2 = dt¯2 − a2(t¯)
(
dr¯2 + sinh2 r¯ dΩ¯2
)
, a(t¯) = H−1 cos(Ht¯) . (A5)
Introducing new variables sin(Ht¯) = ± tanh(η¯), where the plus sign is taken for the upper
wedge and the minus sign is for the lower wedge (see Fig. 1), and r¯ = χ¯, (A5) takes the
following conformal form
ds2 = a2(η¯)
(
dη¯2 − dχ¯2 − sinh2(χ¯)dΩ¯2
)
, a(η¯) =
1
H cosh(η¯)
. (A6)
Appendix B: Evaluation of integrals
Let us consider the following regularised integral
J+n (α) =
+∞∫
−∞
dx eiαx−εx
2
(
ex + i
ex − i
)n
, where α > 0 , n ≥ 1 and ε→ +0 . (B1)
The integrand has poles at imaginary values of x. One of them is at x = pii/2. The residue
theorem applied for the contour C = C1∪C2∪C3∪C4 plotted in Fig. 2 in the limit R→ +∞
gives
J+n (α) =
pii exp(piα)
sinh(piα)
res
pii/2
(
eiαx
(
ex + i
ex − i
)n)
(B2)
= (−1)n+1 2pii exp
(
piα
2
)
sinh (piα)
Γ (n− iα)
Γ
(
n
)
Γ (1− iα) 2F1 (1− n, 1 + iα, 1− n+ iα;−1) .
where the regularization parameter has been suppressed.
Analogously, for the integral
J−n (α) =
+∞∫
−∞
dx eiαx−εx
2
(
ex − i
ex + i
)n
, where α > 0 , n ≥ 1 and ε→ +0 (B3)
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FIG. 2: Contours used in the residue theorem to evaluate integrals J±n (α) and I
±
n (α).
along the contour C˜ in the limit R→ +∞ (see Fig. 2) we find
J−n (α) =
pii exp(−piα)
sinh(piα)
res
−pii/2
(
eiαx
(
ex − i
ex + i
)n)
(B4)
= (−1)n+1 2pii exp
(−piα
2
)
sinh (piα)
Γ (n− iα)
Γ
(
n
)
Γ (1− iα) 2F1 (1− n, 1 + iα, 1− n + iα;−1) .
Repeating similar calculations, we further obtain for n ≥ 0
I+n (α) =
+∞∫
−∞
dx e(iα+1)x
(
ex + i
)1+2n(
ex − i)3+2n
= +
ipi2 exp
(
piα
2
)
2 sinh2(piα)
2F1 (−2 − 2n, iα,−1− 2n+ iα;−1)
Γ (3 + 2n) Γ (−iα) Γ (iα− 1− 2n) (B5)
and
I−n (α) =
+∞∫
−∞
dx e(iα+1)x
(
ex − i)1+2n(
ex + i
)3+2n
= −ipi
2 exp
(−piα
2
)
2 sinh2(piα)
2F1 (−2 − 2n, iα,−1− 2n+ iα;−1)
Γ (3 + 2n) Γ (−iα) Γ (iα− 1− 2n) . (B6)
Appendix C: Particular properties of hypergeometric function 2F1 (α, β; γ; z) and
derivation of M±n,l+1 as a sum of M
±
n,l and M
±
n+1,l
To derive (13), one utilizes the following properties of the hypergeometric function [15]:
2F1 (α, β; γ + 1; z) =
γ
(γ − α)(γ − β) (C1)
×
(
(1− z) d
dz
2F1 (α, β; γ; z) + (γ − α− β)2F1 (α, β; γ; z)
)
.
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ddz
2F1 (α, β; γ; z) =
1
(α− β)z(1− z)2
(
(α− γ)(β − γ + αz)2F1 (α− 1; β, γ; z)
−(β − γ)(α− γ + βz)2F1 (α, β − 1; γ; z)
)
. (C2)
2F1 (α, β + 1; γ; z) =
1
(α− β − 1)(1− z) (C3)
×
(
(α− γ)2F1 (α− 1, β + 1; γ; z)− (β − γ + 1)2F1 (α, β; γ; z)
)
.
The derivation of (13) consists in the three steps. First, having taken l exchanged into l+1
in (10), one uses (C1) to express 2F1(
1
2
−iα, 1
2
+iα; l+ 5
2
; z) through 2F1(
1
2
−iα, 1
2
+iα; l+ 3
2
; z)
and its first derivative over z. Second, after integration by parts, one then employs (C2) to
rewrite d
dy 2
F1(−n, n+ l+3; 32 ; y) via 2F1(−1− n, n+ l+3; 32 ; y) and 2F1(−n, n+ l+ 2; 32 ; y).
Third, the equality (C3) is applied in order to rewrite 2F1(−n, n + l + 3; 32 ; y) as a sum of
2F1(−1−n, n+ l+3; 32 ; y) and 2F1(−n, n+ l+2; 32 ; y). This sequence of computations leads
to the formula (13).
Appendix D: Commutation relations
The Bogolyubov coefficients satisfy normalization condition [4, 5]. Employing (14), one
obtains∑
nlm
αω′l′m′,nlm α
∗
ω′′l′′m′′,nlm =
exp (piω′)
2 sinh (piω′)
δ(ω′ − ω′′) δl′l′′ δm′m′′ . (D1)
Hence, considering a commutator of dˆωlm and its hermitian conjugate, one derives (17a),
provided tanh θω = e
−piω.
The first commutator in (17a) vanishes, because aˆωlm and aˆ
†
ωlm commute. To show that
the second commutator in (17a) vanishes as well, one has to note that it follows from (D1)∑
n
Nnl(ω
′)Nnl(−ω′′)M+n,l(ω′)M−n,l(−ω′′) ∝ δ(ω′ − ω′′) (D2)
is valid, (M+n,l(ω))
∗ = −M−n,l(−ω) and N∗nl(−ω) = i2l+2Nnl(ω) have been used, where
Nnl(ω) =
(−1)5/42l+1ilΓ (n+ l + 2) Γ (1 + l + iω)√
piΓ (1 + n) Γ (1 + iω) Γ (l + 3/2)
(
ωΓ (2 + 2n)
Γ (3 + 2l + 2n)
) 1
2
. (D3)
Now from[
dˆω′l′m′ , fˆ
†
−ω′′l′′m′′
] ∝ ∑
nlm
αω′l′m′,nlm β−ω′′l′′m′′,nlm
∝
∑
n
Nnl(ω
′)Nnl(−ω′′)M+n,l(ω′)M−n,l(−ω′′) ∝ δ(ω′ − ω′′) , (D4)
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one finds
[
dˆω′l′m′ , fˆ
†
ω′′l′′m′′
] ∝ δ(ω′ + ω′′) = 0.
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